This paper studies some properties of projective changes in spray and Finsler geometry. Firstly, it obtains a comparison theorem on Ricci curvature for projectively related Finsler metrics. Secondly, it studies the properties of a class of projectively flat sprays, which particularly shows that there exist many isotropic sprays that cannot be induced by any (even singular) Finsler metrics.
Introduction
A spray consists of paths (geodesics) in a path space [3] . There is detailed discussion on sprays in [12] . One of the important problems in projective spray geometry is to study the projective relationship between two sprays on the same manifold. We call two sprays G and G are projectively related if they have all the same geodesics (as points). Ricci curvature is an important concept in spray geometry and it is natural to study the relations between the Ricci curvatures of two projectively related sprays. There are two classes of important sprays: projectively flat sprays and the sprays induced by Finsler metrics. A spray is called projectively flat on an open domain in R n if its geodesics are straight lines. Every Finsler metric induces a spray, but on the contrary, there are sprays which cannot be induced by Finsler metrics. One of the tasks in this paper is to construct a class of projectively flat (so isotropic) sprays which cannot be induced by any (even singular) Finsler metrics. The Ricci curvature plays an important role in projective geometry. In [10] , Z. Shen studies some geometric properties between two projectively related Finsler metrics F and F under the following Ricci condition between (M, G) and (M, G) is trivial, G i = G i . In this paper, we generalize this comparison theorem on Ricci curvature and we get the following result. 
where λ is a constant. Then there hold the following
(ii) (λ < 0) 
This fact has been proved in [2] . So Theorem 1.1(i) generalizes the comparison theorem on Ricci curvature in [2] . In the case of P = 0, it is clear that (M, F ) is also complete and F (c(t),ċ(t)) = constant, where c(t) is a geodesic of (M, F ).
In spray geometry, one important problem is concerned about the induction of a spray by a Finsler metric. There have been some examples showing that not every spray can be induced by a Finsler metric (see [2, 12] ). In [6] , it gives some conditions for an isotropic spray to be induced by a Finsler metric (possibly singular). In this paper, we construct a family of isotropic sprays which cannot be induced by any (even singular) Finsler metric, which is shown in the following theorem. [6] . Meanwhile, Muzsnay [8] also discusses the induction problem of a spray by a Finsler metric using the holonomy distributions. Theorem 1.2 gives an examples to the results in [8] , but Theorem 1.2 also shows a completely different way from that in [8] .
Let Θ = Θ(x, y) be a Funk metric defined on the strongly convex domain Ω ∈ R n (0 ∈ Ω). Then Θ is projectively flat with its spray
Θ y i and Θ is of constant flag curvature K = −1/4 [9] . Define a new spray G i given by
where τ is a constant. By Theorem 1.2, it is easy to get the following corollary. 
in which, the former are the coefficients of the so-called h-curvature tensor of Berwald connection in literature.
Two spray spaces (M, G) and (M, G) are called projectively related if there hold
where P = P (x, y) is called the projective factor which is a local function satisfying P (x, λy) = λP (x, y) for any λ > 0.
Projectively related sprays have the same geodesics as points. In this case, we have
where
and ;k and .k denote the h-and v-covariant derivatives respectively in the Berwald connection of G i in this paper.
A Finsler metric F induces a spray whose coefficients G i are given by
2 ) y i y j is the fundamental metric tensor, and (g ij ) is the inverse of (g ij ). F is called of scalar flag curvature 
If additionally, F is of constant flag curvature λ, then the projective factor P satisfies the following relation [1] P
A comparison theorem on Ricci curvature
To prove Theorem 1.1, we need some preparations. 
Lemma 3.1. Let x(t) and y(t) be two functions satisfying the following differential inequalities
x (t) + σ (t)x 2 (t) f (t), y (t) + σ (t)y 2 (t) f (t), x(t 0 ) = y(t 0 ),
σ (s)[x(s)+y(s)] ds x(t) − y(t) .
Then 
Proof. For any fixed unit vector y ∈ T x M, let c(t) be a geodesic of (M, F ) withċ(0) = y. We define
then there holds
By (1) and (5), it is known that
It follows from (11) and Lemma 3.1 that
If λ = 0 and P (y) > 0, then by (12) and (13) 
The proof to Proposition 3.3 is similar as that of Proposition 3.2. So is omitted.
Proof of Theorem 1.1. Theorem 1.1(i) follows directly from Propositions 3.2(i) and 3.3(i).
For the proof of Theorem 1.1(ii), put
By (13) we easily get 
Suppose λ < 0. By the proof of Theorem 1.1(ii) we have 
If there is some constant λ satisfying
then by Theorem 1.1(ii), there must hold λ 0. This fact can also be verified directly. Eq. (14) can be written as
Clearly the above holds if and only if λ 0. Now suppose (14) holds. Then by Proposition 3.2(i) we get P (x, y) √ λF (x, y), which is obvious. Further by Proposition 3.2(iii) we get lim t→+∞ P (c(t),ċ(t)) 0, where c(t) is a geodesic of F with t the arc-length parameter andċ(0) = y ∈ T x Ω. We verify this fact directly as follows. By z := x + y/F (x, y) ∈ ∂Ω, we have
For some σ (s) := x + sy, there holds c(t) = σ (s(t)). Then by
,
Then we have
and by (15),
Clearly the above shows that lim t→+∞ P (c(t),ċ(t)) = 0, since (16) 
If there is some constant λ such that − Ric (n − 1)λ F 2 (equivalent to λ 1), then by Theorem 1.1(i) we see that there
The above inequalities can also be verified directly for λ 1.
A class of projectively flat sprays
Proof of Theorem 1.2. By G i = P y i and (2) we have
By aid of (8), (9) and (10), it follows from (20) that
Plug all the above formula into (4), and then by using (9) and (10) we obtain 
(21)
Then by (21) we haveλ = 0, which shows that F is of zero flag curvature.
Case 2. δ 2 + λ = 0. In this case, we will show that δ = 0. By (21) we see thatλ = 0, and there holds
where a := (δ 2 + λ)/λ. It follows from (20) that F is projectively flat with the projective factor P := P + δ F . So by (9) we have
Then by (22) and (23) we get
Since F is projectively flat with the projective factor P , it follows from (9) and (24) that there must hold δ = 0. Then by
Conversely, if δ = 0, then clearly there exists a Finsler metric F inducing G i (F itself is such a metric). If δ = ± √ −λ, then since F is projectively flat with constant flag curvature λ, it is easy to verify that the following function
satisfies ( P ± ) x k = P ± ( P ± ) y k [11] . For an arbitrarily fixed Minkowski functional ψ(y) on R n , define a Finsler metric F ± (x, y)
as follows F ± (x, y) := ψ y + P ± (x, y)x 1 + ( P ± ) y m (x, y)x m .
It follows from [11] that the Finsler metric F ± (x, y) in (25) is projectively flat with zero flag curvature and its projective factor is P ± (x, y). This shows that the Finsler metric F ± (x, y) induces the spray G i in (2) (in which δ = ± √ −λ). 2
To show in the above proof that F is of constant flag curvature by Q ij = 0, we list the following two lemmas. 
